Homework 7 - Solutions

1st December 2004

Problem 1

Figure 1: Energy-entropy flow diagram.
If the process is reversible the total change in entropy is zero
0=AS=——+—

The total energy is conserved and there is no work added to or extracted
from the system
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Eliminating @), we get
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Problem 2

The bulb delivers 100WW to the inside of the fridge, which is at a temperature
7;. Thus we have to extract at least 100 from it, but since there can be
some leaks through the walls say we need to extract P, = 100W + P, (P is
power - energy (heat, work...) per time). Now we do work 100W (from the
outlet) and the resulting heat delivered to the reservoir (room) at the room
temperature 73, is P, = P, + 100W = 200W + P;. The change in entropy is
zero which gives us

L)

T Th
This gives
7 100W + P,
m 200W + P

and thus we can keep it at lower temperature.

Problem 3
Let T be the temperature of the solid at some time. Let d@); be the heat
taken from the solid and d@; heat delivered to the reservoir at some 7" when
we change the T' by dT'.

Then from conservation of entropy we have

aQ _ dQ,

T T

<1

From the definition of the heat capacity
dQ; = CdT;
The work done when changing T" by dT is
B _ T B Ty s T
dW =dQp sz—dQl<T 1)—C’dT<T 1)—aT (T 1)
The total work is then

% T, 1
W = T3 (22 1) dT = —aT?
[ (F ) ar = e
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Problem 4 The first law says
dU = 1do — pdV + udN

From this

dG =d(U — 10+ pV) = —odr + Vdp + pdN
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The other relations are obtained similarly:
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(b) With the help of above we get
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Thus

Now we have

do(p, ) o(p+ Ap,7)—o(p,7)
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Note that we have switched the order of limits. This is possible if the parial
derivatives of the function are continuous and have limits as 7 — 0. Coun-
terexample to this is for example

o(p,7) = (tanh((p — po)/7) + 1)

which approaches to zero everywhere as 7 — 0, but its derivative is 1 at py,
and 0 everywhere else.

In most physical situation we expect sufficiently regular behaviour so that
the above assumptions are satisfied. The exception is possibly a quantum
phase transition (e.i. a transition which happens at 7" = 0 when we change
some internal parameter).

Problem 5 (a) The law of mass action for the reaction monomer + Nmer
= (N+1)mer is

[7][N]

L Ky

[N +1]
Multiplying togther these equations for 1,2,..., N we get
]
[N + 1]

K- Ky= [N

which gives the desired equation.
(b) In the notes on page 20-6 we have that K(7) = [[,¢;* where ¢; =
n;.0%;int- By the defintion of free energy Z; = e Fi/7_ This then gives

CNC1 nQ(N)nQ(l)
Ky = = Fyi1— Fy — F
N CN+1 nQ(N + 1) eXp(( N+ N 1)/7—)

The ng(N) is the quantum concentration as usuall.

(c) We have
N1 [ eV 4 D) e e L]
[V] Ky ng(N)ng(1) ng(1)

[N +1] 0 orh?\*? L2008 (231416 x (105 x 10~ o 2.5 10-2
N] T Mt - 300 x 200 x 10-3/(6 x 1023) Al

(d) To have more large molecules we need [A{;]l] > 1. The treshold for
when this starts to happen is

N+l 1]
(V] no(D) exp(AF/T)
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= 7lo 1
AF = lg(nQ(l))

= (1.38 x 107%*)30010g(3.54 x 107%)J
= —71x107%]
= —0.44eV

Problem 6 Let’s denote the n times ionized atom by A, and its concen-
tration by [n], e.g. CaXIII is A5 and it’s concentration is [12].
Let’s understand what is happening. We have a reactions

An —+ [n — An+1 + e
For this reaction we can write the Saha equation

] nga

n+1]le]  neni1ng.e

e/

Where ¢ comes from spins and is some number of order one. The quantum
concentrations of A,, and A, are approximately the same because the mass
of the electron is much smaller then the mass of the atom. We get

W) L]

=c
n+ 1] nQ.e

Now what are I,,’s. They are the ionization energies. The I, is the energy
needed to remove one electron from neutral atom. The I is the energy
needed to remove and electron from singly ionized ion. And so on. Now
notice that more the atom is ionized, the stronger is its charge and more
energy is needed to remove an electron. Thus [, increase with n. Next the
concentration of electrons is much smaller then their quantum concentration,
el [e]/Ng. < 1.

Now imagine the system is at some temperature 7 which is closest to one
of the I's the I,. Then if m < n then e/™/™ ~ 1 and so [m] << [m + 1]. On
the other hand, if m > n then e/ is very large and [m] >> [m + 1]. Thus
the A, is the most abundant and more we go away from it (more we ionized
it, or more we deionize it) lower the concetration.

We are told that the lines from A2 and A;4 are seen and the concetration
of A;4 is the much smaller the one of A;5. Thus we will assume that the A,
is the most concetrated. We have [15 = 655eV and I;4, = 814eV. If we



linearly extrapolate between them we find [13 = 735eV. We can for example
consider
A+ 1o+ I3+ Ay + 2e

2] _ (ﬂ) i o2+ 11a) /7

nQ7e

For this

This gives
Lo+ 113

nQ.e [12]
2log< [% ) + log (@)
We only know that the terms in the logarithms are large, but we don’w know
how much they are. However we are taking only the logarithms of them, and
notice that log 10 ~ 2.3 and log 10%° ~ 46. With this we get the range of
temperatures from about 2 x 10°K to 3 x 10°K which is much higher then

the surface of the sun (which is ~ 6000K).
Problem 7 We start with

T =

F = —N7(log[no(V — Nb)/N] + 1) — N2a/V

(Mt 3/2
"o = 2mh?

From F' = —odr — pdV + pdN we have

o=- (g—f)w — —N(loglng(V — Nb)/N] +5/2)

(b) ,
U=F+710= §NT—N2a/V
(c) From van der Waals equation

Nt N? N N? N2
P=—r — AR —T — —=bT + —a

V—-Nb V2 V V2 V2
Then for H we get

N? 2N?
H:U+pv:gNT—7bT—7a



Expanding V' from the van der Walls equation to the fisrt order in a, b we
get
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Pluging this into H and keeping only terms first order in a, b we get
2Nap
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