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Example: Magnetic Particles in a Magnetic Field

Recall the paramagnetic spin system we discussed in lecture 4. In this system, there
are magnets with orientations parallel or antiparallel to a magnetic field. In the parallel
orientation, the energy is —mB = —F, where m is the magnetic moment and B is the
magnetic field. In the antiparallel orientation the energy is +mB = +FE. In lecture 4,
we worked out the relative numbers of parallel and antiparallel magnets and found that it
depended on the ratio of thermal to magnetic energies.

Following the discussion in K&K, pages 127-129, suppose that we have the same kind
of system, but in addition, the magnetic particles are free to move, so the aligned magnets
will be attracted to regions of high field strength while the antiparallel magnets will be
repelled from regions of high field strength. Of course, in the regions of high field, one
would expect to find a greater fraction aligned even if the particles couldn’t move. .. Let n;
be the concentration of parallel and n| be the concentration of antiparallel systems. Just
as with an ideal gas, we expect that microscopic or internal contribution to the chemical
potential should depend on the concentration,

n n
1 ,int = T 1og il and [ int = T log =

We assume that we can treat the parallel and antiparallel magnets as distinct kinds of
“particles.” To the internal chemical potential must be added the external potential due
the energy in the magnetic field,

ft :Tlogﬂ—mB,
nQ

Iy :Tlogﬂ-i-mB.
nQ

Now, the parallel and antiparallel magnets are in thermal equilibrium with each other and
can be changed into one another. That is, one can remove a particle from the parallel
group and add it to the antiparallel group and vice-versa. When the system has come to
equilibrium, at temperature 7, the free energy must be stationary with respect to changes
in the particle numbers which means the chemical potentials of the two kinds of particles
must be the same. Furthermore, we are allowing the particles to diffuse to regions of higher
or lower field strength, and the chemical potential must be independent of field strength.
So,
w1 = py = Constant.

This relation together with the previous equations are easily solved to yield

ny(B) = %n(O)e—i—mB/T and n|(B) = %n(O)e_mB/T ,

Copyright © 2004, Princeton University Physics Department, Edward J. Groth



Physics 301 08-Oct-2004 13-2

where we're explicitly showing that the concentrations depend on B and n(0) is the com-
bined concentration where B = 0. The combined concentration as a function of B is

m2 32
n(B) = n1(B) +n,(B) = n(0) cosh(mB/r) = n(0) <1 T ) ‘
These relations show both effects we mentioned earlier. The higher the field strength,
the greater the fraction of aligned magnets (as we already knew from lecture 4) and the
greater the concentration of magnets. The magnetic particles diffuse to regions of high
field strength.

In figure 5.6, K&K show a plot of chemical potential versus concentration for sev-
eral different field strengths. In problem 5 of chapter 5, we are asked for what value of
m/7T was this figure drawn. The key datum to extract from the plot is that at a given
chemical potential, the concentration increases by two orders of magnitude as B is in-
creased from 0 to 20 kG. We can plug this directly into the previous expression to get
m/T = 5.30/(20000 G) = 0.000265 G~!. Note that we had to use the cosh form of the
expression, not the series, because mB/7T > 1. Problem 5.5 also asks how many Bohr
magnetons must be contained in each particle. A Bohr magneton (roughly the magnetic
moment of an electron) is up = eh/2mec where e and m are the charge and mass of an
electron. pp = 0.927 x 1072° erg G™'. Doing the arithmetic, we obtain about 1200 mag-
netons. The particles must contain 1200 paramagnetic molecules with a spin of /2 and
a magnetic moment of pup. They could also contain a more or less arbitrary number of
non-magnetic molecules.

Example: Impurity Ionization

In pages 143-144, K&K discuss an impurity atom in a semiconductor. The atom may
lose a valence electron and become ionized. The energy required to remove an electron
from the donor atom is I. The model for this impurity atom is a three state system:
the ionized state has energy 0 and no electron is present. There are two bound states,
both have energy —I and both have one electron present. One has the electron with spin
up along some axis and the other has the electron with spin down. The grand partition

function is
Z = 1+e</“l’+I)/T+e</“L+I)/T,

where the first term comes from the ionized state and the second and third terms account
for the spin up and spin down bound states. The average number of (bound) electrons
and the average energy are
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The probability that the impurity atom is ionized is

1
14 2eln T D/T

P(N =0)

If we don’t know the value of u, we can’t actually calculate any of these averages or this
probability. What sets the value of u? Answer: p is determined by the electron distribution
in the rest of the semiconductor. (A subject we’ll get to in a few weeks!) Although we don’t
know p at this point, we’re used to the idea that p increases with increasing concentration.
In the above expressions we see that increasing p increases the mean number of particles
in the system, decreases the mean energy (energy goes down for a bound particle), and
decreases the probability of being ionized. All this is reasonable and might have been
expected. The higher the concentration of electrons in the semiconductor, the harder it is
for the atom to give an extra electron to the semiconductor and become ionized!

Example: K&K, Chapter 5, Problem 6

In this problem we are asked to work with a 3 state system. The states are: (1) no
particle, energy is 0; (2) one particle, energy is still 0: (3) one particle, energy is €, so
a particle can be absent, present with zero energy, or present with energy e. The grand
partition function is

Z:1+A+Ae_€/7,

where A = exp(u/7). The three terms in this sum correspond to the three states enumerated
above. The thermal average occupancy is just the average number of particles in the system

and is
A+ e €/T
14 A+ e €/T
Of course, this result can also be obtained using (N) = A(9/0\)log Z. Just as in the
previous example, increasing p (A) makes it harder for the system to give the particle

to the reservoir (which determines p) and the system is more likely to contain a bound
particle. The thermal average occupancy of the state with energy € is

<N>:%<0-1+1-/\+1-)\e_6/7):

)\8—6/7' B )\8—6/7'
2 14+ A+ e €/T

(N(E =€) =

Here we see that in the limit of very large p (\) the system always contains a particle, and
the relative probability that the particle is in the high energy state is just the Boltzmann
factor, exp(—e/7). The average energy is
e €/T e €/T

Z 1+ A+ e €/T

(E) =
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Finally, we are asked to calculate the grand partition function in the event that a
particle can exist in both the zero energy state and the state with energy e simultaneously.
In other words, there is a fourth state of the system; it contains two particles and has
energy €. We have

Z:1+>\+)\e_€/7+)\26—€/7 :(1+)\).(1+)\e—€/7),

In this case, Z can be factored. K&K point out that this means that the system can
be treated as two independent systems. This is an example of a general rule that for
independent (but weakly interacting) systems, the grand partition function is the product
of the grand partition functions for each independent system, just as the partition function
of independent systems is a product of the individual partition functions (Homework 2,
problem 4).

Fermi-Dirac and Bose-Einstein Distributions

When we considered a low density gas in lecture 7, we considered the single particle
states of a particle confined to a box. To treat more than one particle, we imagined that
the particles were weakly interacting, so we could, to some level of approximation, treat
each particle as though it occupied a single particle state. In the limit of no interactions
between particles, this would be exact (but it might be hard to achieve thermal equilib-
rium!). For typical gases at room temperature and atmospheric pressure we found that the
concentration was very low, so that the chance that any single particle state was occupied
was very small, maybe one part in a million. We just didn’t have to worry about the
chances of finding two particles in a state.

Now we want to consider the distribution when there’s a good chance of finding single
particle states occupied. We are going to assume that we have non-interacting particles in
which each particle in the system can be said to be in a single particle state. There are
two kinds of particles, fermions, which have half integer spins (spin angular momentum
is a half integer times /), and bosons which have integral spins. fermions obey the Pauli
exclusion principle: at most one particle may occupy a single state. On the other hand, an
unlimited number of bosons may be placed in any given state. Since we have independent
single particle states, the grand partition function for all the states is the product of the
grand partition function for the individual states. So to start with, let’s calculate the grand
partition function for an individual state of energy e.

In the case of fermions, there are two possibilities: no particle present with energy 0
and one particle present with energy e¢. Then

Z=14el—9/T,
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The average number of particles in this state of energy e is denoted by f(e)

el —€)/7 1

ﬂd=<N>:1+em-fyrzek—uﬂf+1'

This is called the Fermi-Dirac distribution and fermions are said to obey Fermi-Dirac
statistics. If € = p, then the average number of particles in the state is 1/2. If € < pu, the
average occupancy is bigger than 1/2 and approaches 1 as e — —oo. If € > pu, the average
occupancy is less than 1/2 and approaches 0 as € — +o00. This distribution starts at 1 at
very low energies, winds up at 0 at very high energies and makes the transition from 0 to
1 in the neighborhood of u. The temperature controls the width of the transition. At very

Fermi-Dirac Distributions
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low temperatures the transition is sharp. At high temperatures, the transition is gradual.

For bosons, the possibilities are no particles present with energy 0, 1 particle present
with energy e, 2 particles present with energy 2e¢, 3 particles present with energy 3¢, and
so on. The grand partition function is

1
1—elu—e/T"

Z:1_|_e(ﬂ_6)/T+62(N_E>/T+63(H_E>/T+...:

Note that pu < € if the sum is to converge. The average occupancy is

OdlogZ2 elb—e)/T B 1
Tou T 1 _dw—ofr  Jle—mit 1

fle) =
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This is called the Bose-Einstein distribution and bosons obey Bose-Einstein statistics.
Again, note that p < € if the distribution function is to make sense. In fact, if we have
weakly interacting particles occupying states of several different energies, they all have
the same chemical potential which must therefore be less than the lowest energy of any
available state. In other words

M < €minimum -
The minimum energy is often set to zero, and then p < 0, but the real constraint is just
that p be lower than any accessible energy. The Bose-Einstein distribution diverges as

€ — p. As € — 400 the distribution goes exponentially to zero. The average occupancy is
1 when € — u = 7log2. At lower energies there is more than one particle in the state and

Bose-Einstein Distribution
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at higher energies there is less than one particle in the state.

The Bose-Einstein distribution, with 4 = 0, is exactly the occupancy we came up
with for photons in blackbody radiation. Photons have spin 1, so they are bosons and
obey Bose-Einstein statistics. There is no lower limit on the wavelength, so the lowest
conceivable energy is arbitrarily close to zero which means p < 0.
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At large energies both the Fermi-Dirac and Bose-Einstein distributions become
fle = +o0) — el —=e)/T

In this limit the average occupancy is small and quantum effects are negligible; this is the

Distribution Comparison
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classical limit. The classical distribution is called the Maxwell-Boltzmann distribution.
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